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1. Introduction
Since the concept of a conemetric was introduced by Huang and Zhang [1], many fixed point theorems have been proved
formappings on normal or non-normal conemetric spaces by some authors (see [2–8] and the references contained therein).
Recently, also, the existence of fixed points for the given contractive type mappings in partially ordered cone metric
spaces was investigated (see [9–12]).
The following are the main results given in papers [9–11], where ≼ is the order generated by the cone P (see
Definition 2.1).
Theorem 1.1 ([9]). Let (X,⊑) be a partially ordered set and d be a cone metric on X (defined over a normal cone P with the
normal constant K) such that (X, d) is a complete cone metric space. Let f : X → X be a continuous and nondecreasing mapping
with respect to⊑. Suppose that the following conditions hold:
(i) there exists k ∈ (0, 1) such that d(fx, fy) ≼ kd(x, y) for all x, y ∈ X with y ⊑ x;
(ii) there exists x0 ∈ X such that x0 ⊑ fx0.
Then f has a fixed point x∗ ∈ X.
A pair (f , g) of self-mappings on a partially ordered (X,⊑) is said to be weakly increasing if fx ⊑ gfx and gx ⊑ fgx for all
x ∈ X .
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Theorem 1.2 ([10]). Let (X,⊑) be a partially ordered set and d be a cone metric on X (defined over a cone P with int P ≠ ∅)
such that (X, d) is a complete cone metric space. Let f , g : X → X be two mappings such that (f , g) is a weakly increasing pair
with respect to⊑. Suppose that the following conditions hold:
(i) there exist α, β, γ > 0 with α + 2β + 2γ < 1 such that
d(fx, gy) ≼ αd(x, y)+ β[d(x, fx)+ d(y, gy)] + γ [d(x, gy)+ d(y, fx)]
for all x, y ∈ X with y ⊑ x;
(ii) f or g is continuous.
Then f and g have a common fixed point x∗ ∈ X.
Theorem 1.3 ([11]). Let f , g be a pair of self-mappings on a complete ordered conemetric space (X,⊑, d) such that f (X) ⊂ g(X)
and such that there is a point x0 ∈ X with gx0 ⊑ fx0. Suppose that hold:
(i) f is an ordered g-quasi-contraction;
(ii) g(X) is closed in X;
(iii) f is g-nondecreasing;
(iv) if {g(xn)} ⊂ X is a nondecreasing sequence, converging to some gz, then gxn ⊑ gz and gz ⊑ ggz.
Then f and g have a coincidence point, i.e., there exists z ∈ X such that fz = gz. If, further, a pair (f , g) is weakly compatible,
then they have a common fixed point in X.
In this paper, we consider a new concept of c-distance in cone metric spaces, which is a cone version of ω-distance of
Kada et al. [13], and prove some fixed point theorems for some contractive typemappings in a partially ordered conemetric
space by using the c-distance.
2. Preliminaries
Let E be a real Banach space and θ denote the zero element in E. A cone P is a subset of E such that
(i) P is nonempty closed and P ≠ {θ};
(ii) if a, b are nonnegative real numbers and x, y ∈ P , then ax+ by ∈ P ,
(iii) P ∩ (−P) = {θ}.
For any cone P ⊂ E, the partial ordering ≼ with respect to P is defined by x ≼ y if and only if y − x ∈ P . The notation
x ≺ y stand for x ≼ y, but x ≠ y. Also, we use x ≪ y to indicate that y − x ∈ int P , where int P denotes the interior of P .
A cone P is called normal if there exists a number K > 0 such that
θ ≼ x ≼ y H⇒ ‖x‖ ≤ K‖y‖
for all x, y ∈ E. The least positive number K satisfying the above condition is called the normal constant of P .
Using the notations, we have the following definition of a cone metric space.
Definition 2.1 ([1]). Let X be a nonempty set and E be a real Banach space equippedwith the partial ordering≼with respect
to the cone P ⊂ E. Suppose that the mapping d : X × X → E satisfies the following conditions:
(d1) θ ≺ d(x, y) for all x, y ∈ X with x ≠ y and d(x, y) = θ if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≼ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.2 ([1]). Let (X, d) be a cone metric space. Let {xn} be a sequence in X and x ∈ X .
(1) For all c ∈ E with θ ≪ c , if there exists a positive integer N such that d(xn, x) ≪ c for all n > N , then {xn} is said to be
convergent to x and the point x is the limit of {xn}. We denote this by xn → x.
(2) For all c ∈ E with θ ≪ c , if there exists a positive integer N such that d(xn, xm)≪ c for allm, n > N , then {xn} is called
a Cauchy sequence in X .
(3) A cone metric space (X, d) is said to be complete if every Cauchy sequence in X is convergent.
Lemma 2.3 ([1]). Let (X, d) be a cone metric space and P be a normal cone with normal constant K . Let {xn} and {yn} be two
sequences in X with xn → x and yn → y. Then d(xn, yn)→ d(x, y) as n →∞.
The following remark is useful for the main results in this paper.
Remark 2.4. (1) If E is a real Banach space with a cone P and a ≼ λa, where a ∈ P and 0 < λ < 1, then a = θ .
(2) If c ∈ int P, θ ≼ an and an → θ , then there exists a positive integer N such that an ≪ c for all n ≥ N .
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For other basic properties on cone metric spaces, the authors refer to paper [1].
Now, we introduce the concept of c-distance on a cone metric space (X, d), which is a generalization of w-distance of
Kada et al. [13].
Definition 2.5. Let (X, d) be a cone metric space. Then a function q : X × X → E is called a c-distance on X if the following
are satisfied:
(q1) θ ≼ q(x, y) for all x, y ∈ X;
(q2) q(x, z) ≼ q(x, y)+ q(y, z) for all x, y, z ∈ X;
(q3) for each x ∈ X and n ≥ 1, if q(x, yn) ≼ u for some u = ux ∈ P , then q(x, y) ≼ u whenever {yn} is a sequence in X
converging to a point y ∈ X;
(q4) for all c ∈ E with θ ≪ c , there exists e ∈ E with 0≪ e such that q(z, x)≪ e and q(z, y)≪ e imply d(x, y)≪ c.
Remark 2.6. (1) If (X, d) is a metric space, E = R+, P = [0,∞) and (q3) is replaced with the following condition:
(q3′) For any x ∈ X, q(x, ·) : X → R+ is lower semi-continuous,
then the c-distance q is aw-distance on X due to Kada et al. [13].
(2) It is easy to see that, if q(x, ·) is lower semi-continuous, then (q3) holds. Hence it is obvious that every w-distance is a
c-distance if (X, d) is a metric space, E = R+ and P = [0,∞). But the converse do not hold. Therefore, the c-distance is
a generalization of thew-distance.
Now, we give some examples of the c-distance as follows:
Example 2.7. Let (X, d) be a cone metric space and P be a normal cone. Put q(x, y) = d(x, y) for all x, y ∈ X . Then q is a
c-distance. In fact, (q1) and (q2) are immediate. Lemma 2.3 shows that (q3) holds. Let c ∈ E with θ ≪ c be given and put
e = c/2. Suppose that q(z, x)≪ e and q(z, y)≪ e. Then q(x, y) ≼ q(x, z)+ q(z, y)≪ e+ e = c . This shows that q satisfies
(q4) and hence q is a c-distance.
Example 2.8. Let (X, d) be a cone metric space and P be a normal cone. Put q(x, y) = d(u, y) for all x, y ∈ X , where
u ∈ X is a fixed point. Then q is a c-distance. In fact, (q1) and (q3) are immediate. Since d(u, z) ≼ d(u, y) + d(u, z), i.e.,
q(x, z) ≼ q(x, y)+ q(y, z), (q2) holds. Let c ∈ E with 0≪ c and put e = c/2. If q(z, x)≪ e and q(z, y)≪ e, then we have
d(x, y) ≼ d(x, u)+ d(u, y)
= d(u, x)+ d(u, y)
= q(z, x)+ q(z, y)
≪ e+ e = c.
This shows that (q4) holds. Hence q is a c-distance.
Example 2.9. Let E = C1R[0, 1] with ‖x‖ = ‖x‖∞ + ‖x′‖∞ and P = {x ∈ E : x(t) ≥ 0 on [0, 1]} (this cone is not normal).
Let X = [0,∞) and define a mapping d : X × X → E by d(x, y) = |x − y|ϕ for all x, y ∈ X , where ϕ : [0, 1] → R such
that ϕ(t) = et . Then (X, d) is a cone metric space (see [11]). Define a mapping q : X × X → E by q(x, y) = (x+ y)ϕ for all
x, y ∈ X . Then q is a c-distance. In fact, (q1)–(q3) are immediate. Note that
d(x, y) = |x− y|ϕ ≤ (x+ z)ϕ + (y+ z)ϕ = q(z, x)+ q(z, y)
for all x, y, z ∈ X . This implies that (q4) holds. Hence q is a c-distance.
Example 2.10. Let E = R and P = {x ∈ E : x ≥ 0}. Let X = [0,∞) and define a mapping d : X×X → E by d(x, y) = |x−y|
for all x, y ∈ X . Then (X, d) is a cone metric space. Define a mapping q : X × X → E by q(x, y) = y for all x, y ∈ X . Then q is
a c-distance. In fact, (q1)–(q3) are immediate. From d(x, y) = |x− y| ≤ x+ y = q(z, x)+ q(z, y), it follows that (q3) holds.
Hence q is a c-distance.
From Examples 2.8 and 2.10, we have the following important remark:
Remark 2.11. (1) q(x, y) = q(y, x) does not necessarily hold for all x, y ∈ X .
(2) q(x, y) = θ is not necessarily equivalent to x = y for all x, y ∈ X .
Lemma 2.12. Let (X, d) be a conemetric space and q be a cone distance on X. Let {xn} and {yn} be sequences in X and x, y, z ∈ X.
Suppose that {un} is a sequence in P converging to θ . Then the following hold:
(1) If q(xn, y) ≼ un and q(xn, z) ≼ un, then y = z.
(2) If q(xn, yn) ≼ un and q(xn, z) ≼ un, then {yn} converges to z.
(3) If q(xn, xm) ≼ un for m > n, then {xn} is a Cauchy sequence in X.
(4) If q(y, xn) ≼ un, then {xn} is a Cauchy sequence in X.
Y.J. Cho et al. / Computers and Mathematics with Applications 61 (2011) 1254–1260 1257
Proof. We first prove (2). Let c ∈ E with 0≪ c . Then there exists δ > 0 such that c − x ∈ int P for any x ∈ P with ‖x‖ < δ.
Since {un} converges to θ , there exists a positive integer N such that ‖un‖ < δ for all n ≥ N and so c−un ∈ int P , i.e., un ≪ c
for all n ≥ N . Hence, by (q4) with e = c , from q(xn, yn)≪ c and q(xn, z)≪ c , it follows that d(yn, z)≪ c for all n ≥ N . This
shows that {yn} converges to z. Thus it follows from (1) that (2) holds.
Now, we prove (3). Let c ∈ E with 0 ≪ c be given. As in the proof of (2), choose e ∈ E with 0 ≪ e. Then there exists a
positive integer n0 such that
q(xn, xn+1)≪ e, q(xn, xm)≪ e
for anym > n ≥ n0 and hence
d(xn+1, xm)≪ c.
This implies that {xn} is a Cauchy sequence in X . As in the proof of (3), we can prove (4). This completes the proof. 
3. Fixed point theorems on c-distance
In this section, we prove some fixed point theorems by using c-distance in partially ordered cone metric spaces.
Theorem 3.1. Let (X,⊑) be a partially ordered set and suppose that (X, d) is a complete cone metric space. Let q be a c-distance
on X and f : X → X be a continuous and nondecreasing mapping with respect to ⊑. Suppose that the following two assertions
hold:
(i) there exist α, β, γ > 0 with α + β + γ < 1 such that
q(fx, fy) ≼ αq(x, y)+ βq(x, fx)+ γ q(y, fy)
for all x, y ∈ X with y ⊑ x;
(ii) there exists x0 ∈ X such that x0 ⊑ fx0.
Then f has a fixed point x∗ ∈ X. If v = f v, then q(v, v) = θ .
Proof. If fx0 = x0, then the proof is finished. Suppose that fx0 ≠ x0. Since x0 ⊑ fx0 and f is nondecreasing with respect to⊑,
we obtain by induction,
x0 ⊑ fx0 ⊑ f 2x0 ⊑ · · · ⊑ f nx0 ⊑ f n+1x0 ⊑ · · · .
Now, we have
q(xn, xn+1) = q(f n−1x0, f nx0)
≼ αq(f n−2x0, f n−1x0)+ βq(f n−2x0, f n−1x0)+ γ q(f n−1x0, f nx0)
= αq(xn−1, xn)+ βq(xn−1, xn)+ γ q(xn, xn+1)
and hence
q(xn, xn+1) ≼ α + β1− γ q(xn−1, qn)
for all n ≥ 1. Repeating this process, we get
q(xn, xn+1) ≼ hnq(x0, x1), (3.1)
where h = α+β1−γ < 1. Letm > n. Then it follows from (3.1) that
q(xn, xm) ≼ q(xn, xn+1)+ · · · + q(xm−1, xm)
≼ (hn + · · · + hm−1)q(x0, x1)
≼ h
n
1− hq(x0, x1).
Thus Lemma 2.12 shows that {xn} is a Cauchy sequence in X . Since X is complete, there exists a point x∗ ∈ X such that
xn → x∗ as n →∞.
Finally, the continuity of f and f (f nx0) = f n+1x0 → x∗ imply that fx∗ = x∗. Thus we prove that x∗ is a fixed point of f .
Suppose that v = f v. Then we have
q(v, v) = q(f v, f v) ≼ αq(v, v)+ βq(v, f v)+ γ q(v, f v) = (α + β + γ )q(v, v).
Since α + β + γ < 1, we have q(v, v) = θ . This completes the proof. 
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Theorem 3.2. Let (X,⊑) be a partially ordered set and suppose that (X, d) is a complete cone metric space and P is a normal
cone with normal constant K . Let q be a c-distance on X and f : X → X be a nondecreasing mapping with respect to⊑. Suppose
that the following conditions hold:
(i) there exist α, β, γ > 0 with α + β + γ < 1 such that
q(fx, fy) ≼ αq(x, y)+ βq(x, fx)+ γ q(y, fy)
for all x, y ∈ X with y ⊑ x;
(ii) there exists x0 ∈ X such that x0 ⊑ fx0;
(iii) inf{‖q(x, y)‖ + ‖q(x, fx)‖ : x ∈ X} > 0 for all y ∈ X with y ≠ fy.
Then f has a fixed point x∗ ∈ X. If v = f v, then q(v, v) = θ .
Proof. If we take xn = f nx0 in the proof of Theorem 3.1, then we have
x0 ⊑ x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · · .
Moreover, {xn} converges to a point x∗ ∈ X and
q(xn, xm) ≼ h
n
1− hq(x0, x1)
for allm > n ≥ 1, where h = α+β1−γ < 1. By (q3), we have
q(xn, x∗) ≼ h
n
1− hq(x0, x1)
for all n ≥ 1. Since P is a normal cone with normal constant K , we have
‖q(xn, xm)‖ ≤ Kh
n
1− h‖q(x0, x1)‖ (3.2)
for allm > n > 1 and
‖q(xn, x∗)‖ ≤ Kh
n
1− h‖q(x0, x1)‖ (3.3)
for all n ≥ 1. If x∗ ≠ fx∗, then, by hypotheses, (3.2) and (3.3) withm = n+ 1, we have
0 < inf{‖q(x, x∗)‖ + ‖q(x, fx)‖ : x ∈ X}
≤ inf{‖q(xn, x∗)‖ + ‖q(xn, xn+1)‖ : n ≥ 1}
≤ inf

Khn
1− h‖q(x0, x1)‖ +
Khn
1− h‖q(x0, x1)‖ : n ≥ 1

= 0.
This is a contradiction. Therefore, we have x∗ = fx∗. Suppose that v = f v hods. We can prove q(v, v) = θ by the final part
of the proof of Theorem 3.1. This completes the proof. 
Theorem 3.3. Let (X,⊑) be a partially ordered set and suppose that (X, d) is a complete cone metric space. Let q be a c-distance
on X and f , g : X → X be two continuous and weakly increasing mappings with respect to ⊑. Suppose that there exist α, β ,
γ > 0 with α + β + γ < 1 such that
q(fx, gy) ≼ αq(x, y)+ βq(x, fx)+ γ q(y, gy) (3.4)
and
q(gx, fy) ≼ αq(x, y)+ βq(x, gx)+ γ q(y, fy) (3.5)
for all comparable x, y ∈ X. Then f and g have a common fixed point x∗ ∈ X. If v = f v = gv, then q(v, v) = θ .
Proof. Let x0 be an arbitrary point in X and define a sequence {xn} in X as follows:
x2n+1 = fx2n, x2n+2 = gx2n+1
for all n ≥ 0. Since f and g are weakly increasing, we have x1 = fx0 ⊑ gfx0 = gx1 = x2 and x2 = gx1 ⊑ fgx1 = fx2 = x3.
Continuing this process, we have
x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · · ,
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that is, the sequence {xn} is nondecreasing. Now, since x2n and x2n+1 are such that x2n ⊑ x2n+1, by (3.4), we have
q(x2n+1, x2n+2) = q(fx2n, gx2n+1)
≼ αq(x2n, x2n+1)+ βq(x2n, fx2n)+ γ q(x2n+1, gx2n+1)
= αq(x2n, x2n+1)+ βq(x2n, x2n+1)+ γ q(x2n+1, x2n+2),
which implies that q(x2n+1, x2n+2) ≼ hq(x2n, x2n+1), where h = α+β1−γ < 1.
Similarly, it can be shown that qx2n+2,x2n+3 ≼ hq(x2n+1, x2n+2). Therefore, we have
qxn+1, xn+2 ≼ hq(xn, xn+1) ≼ · · · ≼ qhn+1q(x0, x1)
for all n ≥ 1. Letm > n. Then we have
q(xn, xm) ≼ q(xn, xn+1)+ · · · + q(xm−1, xm)
≼ h
n
1− hq(x0, x1).
Therefore, we get
q(xn, xm) ≼ h
n
1− hq(x0, x1).
Thus Lemma 2.12 shows that {xn} is a Cauchy sequence in X . Since X is complete, there exists a point x∗ ∈ X such that
xn → x∗ as n →∞. Since f is continuous, one has x∗ = limn→∞ fx2n = fx∗. This shows that x∗ is a fixed point of f . Similarly,
one can prove that x∗ is also a fixed point of g .
Suppose that v = f v = gv. Since v ⊑ v, by (3.4) we have
q(v, v) = q(f v, gv) ≼ αq(v, v)+ βq(v, f v)+ γ q(v, gv) = (α + β + γ )q(v, v).
Since α + β + γ < 1, we have q(v, v) = θ . This completes the proof. 
Theorem 3.4. Let (X,⊑) be a partially ordered set and suppose that (X, d) is a complete cone metric space and P is a normal
cone with normal constant K . Let q be a c-distance on X and f , g : X → X be two weakly increasing mappings with respect to
⊑. Suppose that there exist α, β, γ > 0 with α + β + γ < 1 such that f and g satisfy (3.4) and (3.5) of Theorem 3.3. If the
following hold:
inf{‖q(x, y)‖ + ‖q(x, fx)‖ : x ∈ X} > 0 (3.6)
for all y ∈ X with y ≠ fy and
inf{‖q(x, y)‖ + ‖q(x, gx)‖ : x ∈ X} > 0 (3.7)
for all y ∈ X with y ≠ gy. Then f and g have a common fixed point x∗ ∈ X. If v = f v = gv, then q(v, v) = θ .
Proof. Let x0 be an arbitrary point in X and define a sequence {xn} in X as follows:
x2n+1 = fx2n, x2n+2 = gx2n+1
for all n ≥ 0. As in the proof of Theorem 3.3, we have
x0 ⊑ x1 ⊑ x2 ⊑ · · · ⊑ xn ⊑ xn+1 ⊑ · · · .
Moreover, the sequence {xn} converges to a point x∗ ∈ X and
q(xn, xm) ≼ h
n
1− hq(x0, x1)
for allm > n ≥ 1, where h = α+β1−γ < 1. From (q3), it follows that
q(xn, x∗) ≼ h
n
1− hq(x0, x1)
for all n ≥ 1. Since P is a normal cone with normal constant K , we have, for allm > n > 1,
‖q(xn, xm)‖ ≤ Kh
n
1− h‖q(x0, x1)‖ (3.8)
and, for all n ≥ 1,
‖q(xn, xm)‖ ≤ Kh
n
1− h‖q(x0, x1)‖. (3.9)
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If x∗ ≠ fx∗, then, by (3.6), (3.8) and (3.9), we have
0 < inf{‖q(x, x∗)‖ + ‖q(x, fx)‖ : x ∈ X}
≤ inf{‖q(x2n, x∗)‖ + ‖q(x2n, fx2n)‖ : n ≥ 1}
≤ inf{‖q(x2n, x∗)‖ + ‖q(x2n, x2n+1)‖ : n ≥ 1}
≤ inf

Kh2n
1− h‖q(x0, x1)‖ +
Kh2n
1− h‖q(x0, x1)‖ : n ≥ 1

= 0.
This is a contradiction. Therefore, we have x∗ = fx∗.
Similarly, we can prove that x∗ = gx∗. If v = f v = gv, then we can prove q(v, v) = θ in the final part of the proof of
Theorem 3.3. This completes the proof. 
We give some examples to illustrate the main results of the paper.
Example 3.5. Consider Example 2.10. Let the order relation⊑ be defined by
x @ y ⇐⇒ y ≤ x.
(1) Take α = 13 , β = 112 and γ = 13 . Define a mapping f : X → X by f (x) = x2 for all x ∈ X . Then f is a continuous and
nondecreasing mapping with respect to⊑. Then we have
q(fx, fy) = fy = y
2
≤ αq(x, y)+ βq(x, fx)+ γ q(y, fy) = y
2
+ x
24
for all comparable x, y ∈ X . For any x ∈ X, x ⊑ fx. Hence all the conditions of Theorem 3.1 are satisfied. f has a fixed
point x = 0. Moreover, q(0, 0) = 0.
(2) Take α = 12 , β = 112 and γ = 16 . Define a mapping f : X → X by f (x) = x2 for all x ≤ 2 and f (x) = 1 for all x > 2. Then
f is a nondecreasing mapping with respect to⊑. Observe that
(a) if y ≤ 2, then we have
q(fx, fy) = fy = y
2
≤ αq(x, y)+ βq(x, fx)+ γ q(y, fy) = 7y
12
for all comparable x, y ∈ X;
(b) if y > 2, then we have
q(fx, fy) = fy = 1 ≤ αq(x, y)+ βq(x, fx)+ γ q(y, fy) = y
2
+ 1
6
for all comparable x, y ∈ X;
(c) for any x ∈ X , we have x ⊑ fx;
(d) for any y ∈ X with y ≠ fy, i.e., y > 0, then we have
inf{q(x, y)+ q(x, fx) : x ∈ X} = y > 0.
Hence all the conditions of Theorem 3.2 are satisfied. f has a fixed point x = 0. Moreover, q(0, 0) = 0.
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